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Abstract –  In this study, on the ring  
𝐹2 [𝑣]

⟨𝑣2  −  𝑘⟩⁄   to be in the situation condition with  𝑘 =  1  has 

been studied . This the four elements ring special conditions under code clusters written ( special 

generators by giving ). More later this  four elemental set with binary fields between relationship was 

established . More before published by M. Özkan and F. Öke  titled Repeat Codes, Even Codes, Odd 

Codes and Their Equivalence [16] from his work was used. In [16], the study  𝑘 =  0  aspect has been 

studied . Here  we wrote working different of type ring structure with different generators with codes with  

𝑘 =  1 condition . After that this  of codes, odd and even whether they are double or not is classified . 

Defined generators with get made codes; odd code or which odd to the code equivalent is similar way 

even code or which even to the code equivalent is presented. Repetitive formation of codes, odd and even 

with codes similarities and from their equivalences has been mentioned. More later examples by giving 

studied code of sets Which of type to codes opposite was brought were studied. Examples with repetitive 

formation of codes and equivalent of codes application were given. 

Key Words – Repeated Formation Codes , Odd Codes , Even Codes , Hadamard Codes , Generator Matrices . 

I. INTRODUCTION  

Published By M. Özkan and F. oke titled Repeat 

Codes, Even Codes, Odd Codes and Their 

Equivalence [16] from his work was used . In [16],  

the study 𝑘 =  0 it was studied as. Here, we  

worked with 𝑘 =  1 status. In literature, 4 

elements chain rings different one a lot coding 

theory in his article structure aspect has been 

studied . For example by Zhu, S., Wang, Y. and M. 

Sji, at [11], again by A. Bonnecaze and P. Udaya at 

[4],  By M. Özkan at [16] and [14] in his works . 

 

𝐹2 [𝑣]
⟨𝑣2  −  𝑘⟩⁄  in the ring  𝑘 =  1, the ring has 

been studied for the situation on  𝑅 in case of 𝑣2 =

1. Moreover on the ring  defined cyclic codes of 

https://alls-academy.com/index.php/ijanser
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codes and quasi-cyclic codes with relationship has 

been given. Moreover This  ring on odd and even 

of codes definitions has been made . 

From here , 

 𝑘  is equal to one while 𝑣2 = 1. Well; 

 
𝐹2 [𝑣]

⟨𝑣2 –  𝑘⟩⁄ =
𝐹2 [𝑣]

⟨𝑣2 − 1⟩⁄  

= {𝑎0 + 𝑎1𝑣 + ⟨𝑣
2 − 1⟩|𝑎0, 𝑎1 ∈ 𝐹2}  is possible. 

 

This ring elements; 

𝑎0 = 0, 𝑎1 = 0 𝑖ç𝑖𝑛 0 + 0𝑣 = 0 

𝑎0 = 1, 𝑎1 = 0 𝑖ç𝑖𝑛 1 + 0𝑣 = 1 

𝑎0 = 0, 𝑎1 = 1 için 0 + 1𝑣 = 𝑣 

𝑎0 = 1, 𝑎1 = 1 için 1 + 1𝑣 = 1 + 𝑣 

form is found. The ring 
𝐹2 [𝑣]

⟨𝑣2 − 1⟩⁄  of 

elements {0,1, 𝑣, 1 + 𝑣 } consists of a set. This 

cluster 𝐹2 + 𝑣𝐹2 = {0,1, 𝑣, 1 + 𝑣 }  set below 

defined + and ∙  is a ring with its operations. 

 

+ 0 1 𝑣 1 + 𝑣 

0 0 1 𝑣 1 + 𝑣 

1 1 0 1 + 𝑣 𝑣 

𝑣 𝑣 1 + 𝑣 0 1 

1 + 𝑣 1 + 𝑣 𝑣 1 0 

 

∙ 0 1 𝑣 1 + 𝑣 

0 0 0 0 0 

1 0 1 𝑣 1 + 𝑣 

𝑣 0 𝑣 1 1 + 𝑣 

1 + 𝑣 0 1 + 𝑣 1 + 𝑣 0 

 

𝐹2 [𝑣]
⟨𝑣2 − 1⟩⁄  ring is isomorphic to the ring  𝐹2 +

𝑣𝐹2. In case  𝑣2 = 1  , 𝑅 = 𝐹2 + 𝑣𝐹2 is the ring 

with ideals of ⟨0⟩ = {0}, ⟨1 + 𝑣⟩ = {0,1 + 𝑣} and 

⟨𝑣⟩ = ⟨1⟩ = 𝑅. Ideals of this ring have between 

⟨0⟩ ⊆ ⟨1 + 𝑣⟩ ⊆ ⟨𝑣⟩ = ⟨1⟩ = 𝑅 

relationship  and  𝑅 is a local ring. 

II. PRELIMINARIES 

 

In this section, the definitions of the weight 

function and minimum distance function on the 

ring are given. In addition, the definition of Gray 

transform, which establishes the relationship 

between the ring and the object is presented. 

 

2.1 Definition:  𝑅 = 𝐹2 + 𝑣𝐹2on the ring; 

for every 𝑟 ∈ 𝑅 

            𝑤𝐿𝑅(𝑥) = {
0  ,    𝑥 = 0
  1  ,   𝑥 = 1, 𝑣

      2  ,    𝑥 = 1 + 𝑣
 

shaped defined to function is called the Lee weight 

function on 𝑅. 

In this case, equality is ensured for 𝑤𝐿𝑅(𝑟) =

∑ 𝑤𝐿𝑅(𝑟𝑖)
𝑛
𝑖=1  all 𝑟 = (𝑟1, 𝑟2, … , 𝑟𝑛) ∈ 𝑅

𝑛, 

𝐹2 [𝑣]
⟨𝑣2 –  𝑘⟩⁄ =

𝐹2 [𝑣]
⟨𝑣2 − 1⟩⁄

= {𝑎0 + 𝑎1𝑣 + ⟨𝑣
2 − 1⟩|𝑎0, 𝑎1 ∈ 𝐹2}  

of the ring elements; 

𝑎0 = 0, 𝑎1 = 0 𝑖ç𝑖𝑛 0 + 0𝑣 = 0 

𝑎0 = 1, 𝑎1 = 0 𝑖ç𝑖𝑛 1 + 0𝑣 = 1 

𝑎0 = 0, 𝑎1 = 1 için 0 + 1𝑣 = 𝑣 

𝑎0 = 1, 𝑎1 = 1 için 1 + 1𝑣 = 1 + 𝑣 form is found. 

2.2 Definition:  On 𝐹2 the object; 

The function defined in the form 𝐹2 for 𝑐 ∈ 𝐹2, 

𝑤𝐻(0) = 0, 𝑤𝐻(1) = 1  each is called the 

Hamming weight function. This case 𝑤𝐻(𝑟) =

∑ 𝑤𝐻(𝑐𝑖)
𝑛
𝑖=1  for every 𝑐 = (𝑐1, 𝑐2, … , 𝑐𝑛) ∈ 𝐹2

𝑛 is 

possible. 
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2.3 Definition: On 𝑅𝑛, distance between two 

vectors 𝑎, 𝑏 ∈ 𝑅𝑛 and 𝑎 ≠ 𝑏 

distance between vectors 𝑑𝐿𝑅(𝑎, 𝑏) = 𝑤𝐿𝑅(𝑎 − 𝑏) 

to be about, a  𝐶 Minimum Lee distance of code 

𝑑𝐿𝑅(𝐶) = 𝑚𝑖𝑛 {𝑑𝐿𝑅(𝑎, 𝑏)|  𝑎 ≠ 𝑏 𝑣𝑒  𝑎, 𝑏 ∈ 𝐶} 

form is defined . 

𝐹2
𝑛 a similar definition is given for Hamming 

weight. On 𝐹2
𝑛, one it is indicated by 𝐶 the 

minimum Hamming distance of the code 𝑑𝐻(𝐶). 

2.4 Definition: In case 𝑣2 = 1, let ring is  𝑅 =

𝐹2 + 𝑣𝐹2; 

Φ: 𝑅𝑛 → 𝐹2
2𝑛 

(𝑟1, 𝑟2, … , 𝑟𝑛) → Φ(𝑟1, 𝑟2, … , 𝑟𝑛) 

 be given. From here; 

 Φ(𝑟1, 𝑟2, … , 𝑟𝑛) = Φ(𝑎1+𝑣𝑏1, 𝑎2 + 𝑣𝑏2, … , 𝑎𝑛 + 𝑣𝑏𝑛) 

                         = (𝑎1, 𝑎2, … , 𝑎𝑛, 𝑏1, 𝑏2, … , 𝑏𝑛) 

 is possible . Like this 1 ≤ 𝑖 ≤ 𝑛  ve 𝑎𝑖, 𝑏𝑖 ∈ 𝐹2 for 

𝑟𝑖 = 𝑎𝑖 + 𝑣𝑏𝑖 ∈ 𝑅. Form defined Φ to the 

anniversary 𝑅. It is called Gray transformation on 

the ring. This definition where 𝑣2 = 1, Gray 

transformation of a code of length 𝑛, on the ring in 

the case 𝐹2 + 𝑣𝐹2 under Φ image length 2𝑛  is a 

binary code . On 𝑅𝑛  defined 𝑑𝐿𝑅 Lee distance and 

on 𝐹2
2𝑛defined 𝑑𝐻 Hamming distance, there is a 

relationship𝑑𝐿𝑅(𝑎, 𝑏) = 𝑑𝐻(Φ(𝑎),Φ(𝑏)) 

between each 𝑎, 𝑏 ∈ 𝑅𝑛. From here Φ can be seen 

that Gray transforms are isometrics. 

III. HADAMARD CODES AND REPETITIVE 

FORMATION CODES 

 

3.1 Definition :  On the ring 𝑅 = 𝐹2 + 𝑣𝐹2 in the 

case  𝑣2 = 1; for  𝛼1, 𝛼2 ∈ 𝑍+ ∪ {0}, first line 

components {1} other row elements from the set, 

𝛼2 = 0 while {0,1, 𝑣, 1 + 𝑣 }  from the set and 

𝛼1 = 0 while {0,1 + 𝑣}, the columns are also 

sorted lexicographically by being selected from the 

set to the relation according to sorted in the form 

and line number 𝛼1 + 𝛼2 + 1 the which one. 

special aspect created 𝑁𝑅
𝛼1,𝛼2 to the matrix 𝑅 

generator matrix is called . 

 Below 𝑁𝑅
𝛼1,𝛼2  matrices for  a few  

example has been given . 

𝑁𝑅
0,0 = [1] , 𝑁𝑅

0,1 = [
1 1
0 1 + 𝑣

] , 

𝑁𝑅
0,2
= [

1
0
0

1
0

1 + 𝑣

1
1 + 𝑣
0

1
1 + 𝑣
1 + 𝑣

] , 

𝑁𝑅
0,3 = [

1
0
0
0

1
0
0

1 + 𝑣

1
0

1 + 𝑣
0

1
0

1 + 𝑣
1 + 𝑣

1
1 + 𝑣
0
0

1
1 + 𝑣
0

1 + 𝑣

1
1 + 𝑣
1 + 𝑣
0

1
1 + 𝑣
1 + 𝑣
1 + 𝑣

] , 

𝑁𝑅
1,0 = [

1
0

1
1

1
𝑣

1
1 + 𝑣

] ,   

𝑁𝑅
2,0 

 

𝑁𝑅
1,1 = [

1
0
0

1
0

1 + 𝑣

1
1
0

1
1

1 + 𝑣

1
𝑣
0

1
𝑣

1 + 𝑣

1
1 + 𝑣
0

1
1 + 𝑣
1 + 𝑣

]. 

 

3.2 Definition : 𝑅 = 𝐹2 + 𝑣𝐹2 the ring in the case 

of  𝑣2 = 1, for each 𝛼1, 𝛼2 ≥ 0 integer produced 

by 𝐶𝑅
𝛼1,𝛼2 = {(𝑐1, 𝑐2). 𝑁𝑅

𝛼1,𝛼2| 𝑐1 ∈ 𝑅
𝛼1+1, 𝑐2 ∈ 𝐹2

𝛼2}     

the code 𝑁𝑅
𝛼1,𝛼2generator matrix written in the 

form, the length 𝑛 = 22𝛼1+ 𝛼2 is (𝑛, 4𝑛, 𝑛) 

parameterized code  is called. 

3.3 Theorem [16]: Φbe the Gray transformation 

on 𝑅𝑛. 𝐶𝑅
𝛼1,𝛼2, 𝑁𝑅

𝛼1,𝛼2 generator matrices written 

code to be about Φ(𝐶𝑅
𝛼1,𝛼2 ). The code is a 

Hadamard code 𝐹2with (2𝑛, 4𝑛, 𝑛) parameters. 
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3.4 Corollary [16]: 𝛼1 = 𝛼2 = 0 status outside ; It 

becomes (𝐶𝑅
𝛼1,𝛼2)⊥ a parameter of the dual code 

(𝑛,
4𝑛

4𝑛
, 4). Additionally, Φ((𝐶𝑅

𝛼1,𝛼2)⊥) the code 

(2𝑛,
4𝑛

4𝑛
, 4) becomes a parameterized code.  

3.5 Definition: Let 𝑛 = 22𝛼1,+𝛼2, on the ring 𝑅 =

𝐹2 + 𝑣𝐹2     (𝑣
2 = 1) , 𝐶𝑅

𝛼1,𝛼2 be a linear code of 

length (𝑣2 = 1) . 

τ1: 𝑅
𝑛 → 𝑅𝑛 

(𝑐1, 𝑐2, … , 𝑐𝑛) → τ1(𝑐1, 𝑐2, … , 𝑐𝑛) 

 be given. From here τ1(𝑐1, 𝑐2, … , 𝑐𝑛) =

(𝑐𝑛, 𝑐1, … , 𝑐𝑛−1) is possible. 

This permutation for   τ1(𝐶𝑅
𝛼1,𝛼2) = 𝐶𝑅

𝛼1,𝛼2 , if 

the condition is provided, 𝐶𝑅
𝛼1,𝛼2  is called a cyclic 

code on 𝑅. 

3.6 Definition : Let 𝑛 = 22𝛼1,+𝛼2, there 𝐷𝛼1,𝛼2  be 

a linear code of length 2𝑛 on 𝐹2. 

𝜎⨂2: 𝐹2
2𝑛 → 𝐹2

2𝑛 

(𝑑1, 𝑑2, … , 𝑑2𝑛) → 𝜎⨂2(𝑑1, 𝑑2, … , 𝑑2𝑛) 

 be given. Like this 𝜎⨂2(𝑑1, 𝑑2, … , 𝑑2𝑛) 

= (𝑑𝑛, 𝑑1, … , 𝑑𝑛−1, 𝑑2𝑛, 𝑑𝑛+1, … , 𝑑2𝑛−1) 

 is possible. This  permutation for   𝜎⨂2(𝐷𝛼1,𝛼2) =

𝐷𝛼1,𝛼2 , if the condition is provided, 𝐷𝛼1,𝛼2 is 

called  order of two quasi cyclic code on 𝐹2
2𝑛.  

3.7 Proposition: τ1 a permutation on 𝑅𝑛, 𝜎⨂2 a 

permutation transform on 𝐹2
2𝑛 , the Gray Φ 

transform from 𝑅𝑛 to  𝐹2
2𝑛 defined above 𝜎⨂2 ∘

Φ = Φ ∘ τ1 equality is provided. 

3.8 Theorem [14] : In case 𝛼2 ≠ 0, Hadamard 

code obtained with the generator matrix is 

𝑁𝑅
𝛼1,𝛼2 a quasi-cyclic code of order of two . 

3.9 Example : 𝐶𝑅
0,1

 code to determine for   𝑁𝑅
0,1

 

generator matrix Let's write. With 𝑁𝑅
0,1 =

[
1 1
0 1 + 𝑣

],  

𝐶𝑅
0,1 = {(𝑐1, 𝑐2). 𝑁𝑅

0,1| 𝑐1 ∈ 𝑅, 𝑐2 ∈ 𝐹2} is in the 

form.  

 

From here ; 

𝐶𝑅
0,1 = (𝑐1, 𝑐2). [

1 1
0 1 + 𝑣

] ⇒ 𝑐1, 𝑐1+𝑐2. 𝑣 | 𝑐1

∈ 𝑅 = {0,1, 𝑣, 1 + 𝑣 } ,  𝑐2 ∈ 𝐹2

= {0,1} 

𝐶𝑅
0,1 = {00,01 + 𝑣, 11,1𝑣, 𝑣𝑣, 𝑣1,1 + 𝑣1 + 𝑣, 1 +

𝑣0} ⊆ 𝑅2 of the code elements for  𝑑𝐿𝑅(𝐶𝑅
0,1) =

𝑛 = 2 and |𝐶𝑅
0,1| = 4𝑛 = 4.2 = 8  happens. 

 𝐶𝑅
0,1

 of the code parameter (𝑛, 4𝑛, 𝑛) = (2,8,2) is 

in the form. 𝐶𝑅
0,1

 Gray image of the code if taken ; 

From here Φ(𝐶𝑅
0,1) = 

{0000,0011,1111,1100,0101,0110,1010,1001} ⊆ 𝐹2
4 

is the code . 

Φ(𝐶𝑅
0,1) of the code parameter (2𝑛, 4𝑛, 𝑛) =

(4,8,2) parameterized one hadamard is the code . 

Other from the side 𝑀 = [
   1 1
−1 1

], the matrix is 

obtained by writing 𝑀1 = [
0 0
1 0

] and −1 → 1 in 

the Hadamard matrix 1 → 0, which is a normalized 

Hadamard code. 𝑀 vectors and 10 are obtained 

from the rows of this matrix. 00 if the 

complements of these vectors are added, 

00,10,11,01  vectors are created. If the 

complements of these 4 vectors are taken and 

rearranged with their repeaters, 

0011, 1001, 1100, 0110, 0000, 1010, 1111, 0101t

he vectors are obtained. These vectors created by 
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cluster one dual code indicates. This code length 4 

is the number of elements 8 and  2 is the Hamming 

weight. Thus, 𝑀  a Hadamard code is obtained 

with the Hadamard matrix. The found code is equal 

to (𝑛, 𝑘, 𝑑) = (4,8,2)   the parameterized 

Φ(𝐶𝑅
0,1)  code. 

Moreover (𝐶𝑅
0,1)

⊥
= {00, 1 + 𝑣1 + 𝑣} and 

Φ1 ((𝐶𝑅
0,1)

⊥
) = {0000,1111} happens. Apart 

from this 𝐶𝑅
0,1, τ1(𝐶𝑅

0,1) = 𝐶𝑅
0,1

 the code is 

condition, because it provides. It is a cyclic code. 

Similar in the form the code 𝜎⨂2(Φ1(𝐶𝑅
0,1 ) ) =

Φ(𝐶𝑅
0,1 ) provides Φ(𝐶𝑅

0,1 ). It is a first quasi-

cyclic code order of two. 

3.10 Definition : Let 𝛼1, 𝛼2 ≥ 0 and 𝑛 = 22𝛼1+ 𝛼2. 

𝐶𝑅
𝛼1,𝛼2 = {(𝑐1, 𝑐2). 𝑁

𝛼1,𝛼2| 𝑐1 ∈ 𝑅
𝛼1+1, 𝑐2 ∈ 𝐹2

𝛼2}a  

(𝑛, 4𝑛, 𝑛) parameter code on the ring 𝑅.          

  𝑆𝑅
′ = {00…0,1 + 𝑣1 + 𝑣…1 + 𝑣} a code is 

(𝑛, 2, 2𝑛) parameter on the ring 𝑅.     𝑆𝑅
′′ =

{00…0,11…1, 𝑣𝑣 …𝑣, 1 + 𝑣1 + 𝑣…1 + 𝑣}   is a code 

(𝑛, 4, 𝑛) on the ring  𝑅 = 𝐹2 + 𝑣𝐹2 . 

Let 𝑆𝑅
′, 𝑆𝑅

′′ and 𝐶𝑅
𝛼1,𝛼2 using codes on the ring 𝑅. 

1𝐶𝑅
𝛼1,𝛼2 = {(𝑎, 𝑎 + 𝑏)| 𝑎 ∈ 𝐶𝑅

𝛼1,𝛼2 , 𝑏 ∈ 𝑆𝑅
′}  is 

called 1st repetitive formation code 

with parameter (2𝑛, 8𝑛, 2𝑛) . 

Again let 𝑆𝑅
′, 𝑆𝑅

′′and 𝐶𝑅
𝛼1,𝛼2  using on the ring 𝑅. 

2𝐶𝑅
𝛼1,𝛼2 = {(𝑎, 𝑎 + 𝑏, 𝑎 + 𝑣. 𝑏, 𝑎 + (1 + 𝑣). 𝑏)| 𝑎 ∈

𝐶𝑅
𝛼1,𝛼2 , 𝑏 ∈ 𝑆𝑅

′′}  is called 2th repetitive formation 

code with parameter (4𝑛, 16𝑛, 4𝑛). 

3.11 Proposition : 𝐶𝑅
𝛼1,𝛼2 is equivalent to 

2𝐶𝑅
𝛼1+1,𝛼2 the code ,  in case 𝛼1, 𝛼2 ≥ 0 . When it 

happens specifically 𝛼1 = 0 , it is 2 𝐶𝑅
𝛼1,𝛼2 ≈

𝐶𝑅
𝛼1+1,𝛼2. 

3.12 Example :  

 𝐶𝑅
0,1 = {(𝑐1, 𝑐2). 𝑁𝑅

0,1| 𝑐1 ∈ 𝑅, 𝑐2 ∈ 𝐹2} 

= {00,11, 𝑣𝑣, 1 + 𝑣1 + 𝑣, 0𝑣, 11 + 𝑣, 𝑣0,1 + 𝑣1} ⊆ 𝑅2  

is code with (2,8, 2) parameter. 

Let 𝑆𝑅
′ = {00,1 + 𝑣1 + 𝑣} . 

1𝐶𝑅
0,1 = {(𝑎, 𝑎 + 𝑏)| 𝑎 ∈ 𝐶𝑅

0,1, 𝑏 ∈ 𝑆𝑅
′} 

=

{
 
 

 
 

0000,001 + 𝑣1 + 𝑣, 01 + 𝑣01 + 𝑣,
01 + 𝑣1 + 𝑣0,1111,11𝑣𝑣, 1𝑣1𝑣,
1𝑣𝑣1, 𝑣𝑣𝑣𝑣, 𝑣𝑣11, 𝑣1𝑣1, 𝑣11𝑣,

1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,
1 + 𝑣1 + 𝑣00,1 + 𝑣01 + 𝑣0,1 + 𝑣001 + 𝑣}

 
 

 
 

⊆ 𝑅4  

is code with (4,16, 4) parameter. At the same time, 

this 1𝐶𝑅
0,1

 is equal to the code 𝐶𝑅
0,1. Similarly  

𝐶𝑅
0,2 created obtained with the matrix 𝑁𝑅

0,2. 

3.13 Example : 𝐶𝑅
0,1 = {(𝑐1, 𝑐2). 𝑁𝑅

0,1| 𝑐1 ∈

𝑅, 𝑐2 ∈ 𝐹2} 

={00,11, 𝑣𝑣, 1 + 𝑣1 + 𝑣, 0𝑣, 11 + 𝑣, 𝑣0,1 + 𝑣1} ⊆

𝑅2 is code with (2,8, 2) parameter. 

Let  𝑆𝑅
′′ = {00,11, 𝑣𝑣, 1 + 𝑣1 + 𝑣} . 

2𝐶𝑅
0,1 = {(𝑎, 𝑎 + 𝑏, 𝑎 + 𝑣. 𝑏, 𝑎 + (1 + 𝑣). 𝑏)| 𝑎 ∈

𝐶𝑅
0,1, 𝑏 ∈ 𝑆𝑅

′′}  
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=

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

00000000,0011𝑣𝑣1 + 𝑣1 + 𝑣,
00𝑣𝑣111 + 𝑣1 + 𝑣,

001 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣00,
01 + 𝑣01 + 𝑣01 + 𝑣01 + 𝑣,

01 + 𝑣1𝑣𝑣11 + 𝑣0,01 + 𝑣𝑣11𝑣1 + 𝑣0,
11111111,11001 + 𝑣1 + 𝑣𝑣𝑣,

111 + 𝑣1 + 𝑣00𝑣𝑣,
11𝑣𝑣𝑣𝑣11,1𝑣1𝑣1𝑣1𝑣, 1𝑣01 + 𝑣1 + 𝑣0𝑣1,

1𝑣1 + 𝑣001 + 𝑣𝑣1,1𝑣𝑣1𝑣11𝑣,
𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣, 𝑣𝑣1 + 𝑣1 + 𝑣0011,
𝑣𝑣001 + 𝑣1 + 𝑣11, 𝑣𝑣1111𝑣𝑣,

𝑣1𝑣1𝑣1𝑣1,
𝑣11 + 𝑣001 + 𝑣1𝑣, 𝑣101 + 𝑣1 + 𝑣01𝑣, 𝑣11𝑣1𝑣𝑣1,
1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,
1 + 𝑣1 + 𝑣𝑣𝑣1100,1 + 𝑣1 + 𝑣11𝑣𝑣00,

1 + 𝑣1 + 𝑣00001 + 𝑣1 + 𝑣,
1 + 𝑣01 + 𝑣01 + 𝑣01 + 𝑣0,1 + 𝑣0𝑣11𝑣01 + 𝑣,
1 + 𝑣01𝑣𝑣101 + 𝑣, 1 + 𝑣001 + 𝑣01 + 𝑣1 + 𝑣0 }

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

⊆ 𝑅8 

is possible. The code is also 𝑁𝑅
1,1produced with 

the matrix (8,32, 8)_parameterized 𝐶𝑅
1,1 to the 

code equal is found . 

3.14 Example : 𝐶𝑅
1,0 = {𝑐1. 𝑁𝑅

1,0|𝑐1 ∈ 𝑅
2} =

{
 
 

 
 
0000,1111, 𝑣𝑣𝑣𝑣, 1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,

01𝑣1 + 𝑣, 101 + 𝑣𝑣,
𝑣1 + 𝑣01,1 + 𝑣𝑣10,0𝑣0𝑣, 11 + 𝑣11 + 𝑣,

𝑣0𝑣0,1 + 𝑣11 + 𝑣1,
01 + 𝑣𝑣1,1𝑣1 + 𝑣0, 𝑣101 + 𝑣, 1 + 𝑣01𝑣}

 
 

 
 

 

generated by generator matrix 𝑁𝑅
1,0 =

[
1
0

1
1

1
𝑣

1
1 + 𝑣

] that  (4,16, 4) parameter is 

code. From here 

 1𝐶𝑅
1,0 = {(𝑎, 𝑎 + 𝑏)| 𝑎 ∈ 𝐶𝑅

1,0, 𝑏 ∈ 𝑆𝑅
′} 

=

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
00000000,0011𝑣𝑣1 + 𝑣1 + 𝑣, 00𝑣𝑣111 + 𝑣1 + 𝑣,

001 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣00,
01 + 𝑣01 + 𝑣01 + 𝑣01 + 𝑣,

01 + 𝑣1𝑣𝑣11 + 𝑣0,01 + 𝑣𝑣11𝑣1 + 𝑣0,
, 11111111,11001 + 𝑣1 + 𝑣𝑣𝑣,

111 + 𝑣1 + 𝑣00𝑣𝑣,
11𝑣𝑣𝑣𝑣11,1𝑣1𝑣1𝑣1𝑣,

1𝑣01 + 𝑣1 + 𝑣0𝑣1,1𝑣1 + 𝑣001 + 𝑣𝑣1,1𝑣𝑣1𝑣11𝑣,
𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣, 𝑣𝑣1 + 𝑣1 + 𝑣0011,
𝑣𝑣001 + 𝑣1 + 𝑣11, 𝑣𝑣1111𝑣𝑣,

𝑣1𝑣1𝑣1𝑣1,
𝑣11 + 𝑣001 + 𝑣1𝑣, 𝑣101 + 𝑣1 + 𝑣01𝑣,

𝑣11𝑣1𝑣𝑣1,
1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,
1 + 𝑣1 + 𝑣𝑣𝑣1100,1 + 𝑣1 + 𝑣11𝑣𝑣00,

1 + 𝑣1 + 𝑣00001 + 𝑣1 + 𝑣,
1 + 𝑣01 + 𝑣01 + 𝑣01 + 𝑣0,1 + 𝑣0𝑣11𝑣01 + 𝑣,
1 + 𝑣01𝑣𝑣101 + 𝑣, 1 + 𝑣001 + 𝑣01 + 𝑣1 + 𝑣0 }

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

⊆

𝑅8  is found . Like this suitable your ingredients 

place to change and permutation implementation 

with 𝐶𝑅
1,1code is obtained. So the first repetitive 

formation 1𝐶𝑅
1,1

 code of code 𝐶𝑅
1,0, also the 

second repetitive formation 𝐶𝑅
2,0code of 𝐶𝑅

1,0 to 

the code equivalent  is seen . 

IV.  EXISTENCE OF ODD AND EVEN CODES  
 

4.1 Definition : Let 𝛼1, 𝛼2 ≥ 0. There be a code 

𝐶𝑅
𝛼1,𝛼2 ⊆ 𝑅𝑛   including 𝑛 = 22𝛼1+ 𝛼2. 

On  the ring 𝑅,  𝑒𝑣𝑒𝑛(𝐶𝑅
𝛼1,𝛼2) 

= {(𝑐0, 𝑐2, … , 𝑐𝑛−2) ∈ 𝑅
𝑛

2|(𝑐0, 𝑐2, … , 𝑐𝑛−1) ∈ 𝐶𝑅
𝛼1,𝛼2} 

is defined to the code 𝐶𝑅
𝛼1,𝛼2 is called the even 

code. On  the ring 𝑅,  𝑜𝑑𝑑(𝐶𝑅
𝛼1,𝛼2) 

= {(𝑐1, 𝑐3, … , 𝑐𝑛−1) ∈ 𝑅
𝑛
2|(𝑐0, 𝑐2, … , 𝑐𝑛−1) ∈ 𝐶𝑅

𝛼1,𝛼2} 

form defined to the code 𝐶𝑅
𝛼1,𝛼2 is called the odd 

code. 

Even and odd of codes definitions 𝐹2  is given in a 

similar way on the object. 

4.2 Proposition: Let 𝐶𝑅
𝛼1,𝛼2 ⊆ 𝑅𝑛 a code. 
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          i) for 𝛼1 ≥ 1, 𝛼2 ≥ 0 , 

𝑒𝑣𝑒𝑛(𝐶𝑅
𝛼1,𝛼2) = 𝑜𝑑𝑑(𝐶𝑅

𝛼1,𝛼2) = 𝐶𝑅
𝛼1−1,𝛼2+1      

is possible. 

         ii) for 𝛼1 ≥ 0, 𝛼2 ≥ 1  , 

𝑒𝑣𝑒𝑛(𝐶𝑅
𝛼1,𝛼2) ≈ 𝑜𝑑𝑑(𝐶𝑅

𝛼1,𝛼2) = 𝐶𝑅
𝛼1,𝛼2−1  

is possible. 

4.3 Proposition : Let be 𝐶𝛼1,𝛼2 ⊆ 𝑅𝑛a code and  Φ 

be the Gray transformation on 𝑅𝑛. In this case, 

𝑒𝑣𝑒𝑛(Φ(𝐶𝑅
𝛼1,𝛼2  )) = Φ(𝑒𝑣𝑒𝑛(𝐶𝑅

𝛼1,𝛼2  )) is 

provided. 

 Also 4.3 proposition, It is  provided for odd 

codes . 

V. APPLICATIONS OF CODES 

 

5. 1 Example : the 1𝐶𝑅
0,1code to equal 𝐶𝑅

0,2 code  

has been found like following  .  

𝐶𝑅
0,2 =

{
 
 

 
 
0000,01 + 𝑣01 + 𝑣, 001 + 𝑣1 + 𝑣,

01 + 𝑣1 + 𝑣0,1𝑣𝑣1,
11𝑣𝑣, 1𝑣1𝑣, 1111, 𝑣𝑣𝑣𝑣, 𝑣1𝑣1,
𝑣𝑣11, 𝑣11𝑣, 1 + 𝑣001 + 𝑣,
1 + 𝑣1 + 𝑣00,1 + 𝑣01 + 𝑣0,
1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣 }

 
 

 
 

⊆ 𝑅4              

of this even code,       𝑒𝑣𝑒𝑛(𝐶𝑅
0,2) 

= {00,01 + 𝑣, 1𝑣, 11, 𝑣𝑣, 𝑣1,1 + 𝑣0,1 + 𝑣1 + 𝑣}  

is possible . From here  Gray image of the code 

Φ(𝑒𝑣𝑒𝑛(𝐶𝑅
0,2 )) =

{0000,0101,1001,1100,0011,0110,1010,1111}  

is found as . This code is the odd code 

𝑜𝑑𝑑(𝐶𝑅
0,2) = {00,1 + 𝑣1 + 𝑣, 01 + 𝑣, 1 +

𝑣0,1𝑣, 𝑣1, 𝑣𝑣, 11}  is possible and  This  Gray 

image of the code 

Φ(𝑜𝑑𝑑(𝐶𝑅
0,2 )) =

{0000,1111,0110,0101,1001,1100,0011,1010}  

aspect is found . 

𝐶𝑅
0,2

 code for  even code and odd code is equal . 

Moreover 𝐶𝑅
0,2

 Gray image of the code  

Φ(𝐶𝑅
0,2)

= {

00000000,01010101,00110011,01100110,
10010110,11000011,10100101,11110000,
00001111,01011010,00111100,01101001,
10011001,11001100,10101010,11111111

} ⊆ 𝐹2
8 

 is possible . Even code of this code  

𝑒𝑣𝑒𝑛 (Φ(𝐶𝑅
0,2 )) =

{0000,0101,0011,0110,1111,1010,1100,1001}It

is possible. Then 𝑒𝑣𝑒𝑛 (Φ(𝐶𝑅
0,2  )) =

Φ(𝑒𝑣𝑒𝑛(𝐶𝑅
0,2  ))equality is obtained. 

5.2 Example : For 𝐶𝑅
1,0

 code,  even code and odd 

code equal . Moreover this  codes 𝐶𝑅
0,1

 to the code 

equal 𝐶𝑅
1,0 = {𝑐1. 𝑁𝑅

1,0|𝑐1 ∈ 𝑅
2} 

=

{
 
 

 
 
0000,1111, 𝑣𝑣𝑣𝑣, 1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,

01𝑣1 + 𝑣, 101 + 𝑣𝑣,
𝑣1 + 𝑣01,1 + 𝑣𝑣10,0𝑣0𝑣,

11 + 𝑣11 + 𝑣, 𝑣0𝑣0,1 + 𝑣11 + 𝑣1,
01 + 𝑣𝑣1,1𝑣1 + 𝑣0, 𝑣101 + 𝑣, 1 + 𝑣01𝑣}

 
 

 
 

 

is possible. From here , 

𝑒𝑣𝑒𝑛(𝐶𝑅
1,0) = {00,11, 𝑣𝑣, 1 + 𝑣1 + 𝑣, 0𝑣, 11

+ 𝑣, 𝑣0,1 + 𝑣1} 

𝑜𝑑𝑑(𝐶𝑅
1,0) = {00,11, 𝑣𝑣, 1 + 𝑣1 + 𝑣, 0𝑣, 11

+ 𝑣, 𝑣0,1 + 𝑣1} 

Moreover 𝐶𝑅
0,1 = {00,11, 𝑣𝑣, 1 + 𝑣1 +

𝑣, 0𝑣, 11 + 𝑣, 𝑣0,1 + 𝑣1} of the code are the 
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elements. In that case 𝑒𝑣𝑒𝑛(𝐶𝑅
1,0) =

𝑜𝑑𝑑(𝐶𝑅
1,0) = 𝐶𝑅

0,1
  is shaped like . 

5.3 Example : The  2𝐶𝑅
1,0  code is equal to 𝐶𝑅

1,0 =

{𝑐1. 𝑁𝑅
1,0|𝑐1 ∈ 𝑅

2} in case 𝑛 = 22𝛼1+ 𝛼2. 

𝐶𝑅
1,1 = {(𝑐1, 𝑐2). 𝑁

1,1| 𝑐1 ∈ 𝑅
2, 𝑐2 ∈ 𝐹2} is code 

with (8,32,8) parameter. From here, even code of 

𝐶𝑅
1,1code 𝑒𝑣𝑒𝑛(𝐶𝑅

1,1) 

=

{
 
 

 
 

0000,0v0v, 00vv, 0vv0,1111,
11 + v11 + v, 111 + v1 + v,

11 + v1 + v1,1 + v1 + v1 + v1 + v,
1 + v11 + v1,

1 + v1 + v11,1 + v111 + v, vvvv, v0v0,
v101 + v, v1 + v01 }

 
 

 
 

⊆ R4 

aspect is found. This code has  

( 4,16,4 ) parameter . This code suitable place 

changing and permutation when applied  

2𝐶𝑅
1,0 =

{
 
 

 
 
0000,1111, 𝑣𝑣𝑣𝑣, 1 + 𝑣1 + 𝑣1 + 𝑣1 + 𝑣,

01𝑣1 + 𝑣, 101 + 𝑣𝑣,
𝑣1 + 𝑣01,1 + 𝑣𝑣10,0𝑣0𝑣, 11 + 𝑣11 + 𝑣,

𝑣0𝑣0,1 + 𝑣11 + 𝑣1,
01 + 𝑣𝑣1,1𝑣1 + 𝑣0, 𝑣101 + 𝑣, 1 + 𝑣01𝑣}

 
 

 
 

 

get the code is done. 

 

REFERENCES 

[1] FJ MacWilliams , NJA Sloane, The Theory of Error 

Correcting Codes,North -Holland Publishing Company, 

1977. 

[2] L. Vermani , Elements of Algebraic Coding Theory, 

Chapman Hall, India, 1996. 

[3] J. Wolfmann , Negacyclic and cyclic codes over 4Z , 

IEEE Trans. Inf. Theory, Vol. 45, 2527-2532, 1999. 

[4] A. Bonnecaze and P. Udaya , Cyclic codes and self dual 

codes 2 2u+F F , IEEE Trans. Inf. Theory, Vol. 45, 1250-

1255,1999. 

[5] DS Krotov ., Z4-linear perfect codes ,Diskretn . Anal. 

Issled . Oper . Ser. ,7.4 , 7890, 2000. 

[6] DS Krotov , Z4-linear Hadamard and extended perfect 

codes , Procs . of the International Workshop on Coding and 

Cryptography, Paris, 329-334, 2001. 

[7] S. Ling, C. Xing, A First Course in Coding Theory, 

Cambridge University Press, 2004. 

[8] J. Qian, L., Zhang and S. Zhu, _)1( u+ cyclic and cyclic 

codes over the ring 2 2u+F F , App. Mathematics Letters, 

Vol. 19, 820-823, 2006. 

[9] D. Boucher, W. Geiselmann and F. Ulmer, Skew-Cyclic 

Codes , Applicable Algebra in Eng., Com. and Comp. , Vol. 

18, 379-389, 2007. 

[10] MCV Amarra and FR Nemenzo , On _)1( u− cyclic 

codes over kk pp
uIFIF + ,App . Mathematics 

Letters,21,1129-1133,2008. 

[11] S. Zhu, Y. Wang, M. Shi, Some Results on Cyclic Codes 

over 2 2v+F F , IEEE Trans. Inf. Theory, Vol.56, 4, 1680-

1684, 2010. 

[12] RK Bandi , M. Bhaintwal , Codes over 

Z4+vZ4. IEEE, International Conference on Advances in 

Computing, Communications and Informatics, 422-427, 

2014. 

[13] Gao, J., Linear Codes and (1+  )− Constacyclic Codes 

over 𝑅 [ 𝑣 ]/ 〈𝑣 2+ 𝑣〉 , IEICE Transactions on 

Fundamentals, no. E98-A, pp. 1044-1048, 2015. 

[14] M. Özkan and F. Öke , A relation between Hadamard 

codes and some special codes over 2 2u+F F , App. 

Mathematics and Inf. Sci. ,Vol.10 , 2, 701-704, 2016. 

[15] Y. Cao, Q. Li, Cyclic codes of odd length over Z4[ u]/< 

u^k >, Cryptogr . Commun . 9(5), 599-624, 2016. 



International Journal of Advanced Natural Sciences and Engineering Researches 

520 
 

[16] M. Özkan and F. Öke , F. Repeat codes, Even codes, 

Odd codes and Their equivalence, General Letters in 

Mathematics, 2 (1), 110-118, 2017.

 


