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Abstract –  Certain information is included to introduce cyclic codes on the finite ring. These are the 

structure of the ring, its status as a linear code, weight function and distance concepts. Here the Lee 

weight function is given for the ring. An automorphism is defined on the ring. With the help of defined 

function, the composition of automorphism cyclic codes was constructed. A separate isometry is defined 

to determine the correspondences of the codes on the rings on the objects. Then, the definition of the 

inverse quasi-cyclic code is given and certain propositions and theorems are presented. It has been shown 

that the image code of a code under isometry and the inverse quasi-cyclic shift transformation are the 

same code as automorphism and the image of a cyclic code under isometry is the same code. Moreover, 

the results and proofs regarding the written permutation, inverse quasi-cyclic code and automorphism 

cyclic codes are included. 

 
Anahtar Kelimeler –Cyclic Codes, Automorphism Codes, Quasi-Cyclic Codes, Lee Distance, Gray Map.

I. INTRODUCTION 

 

 Many codes have been studied on finite rings. One 

of these finite rings is the 4 element 

 
 2

2

u

uIF
ring in the 02 =u state. These 4

element rings were used in the codes written in this 

study. This ring has been featured in many studies 

before. One of them is the work of Qian and his 

team in [5], published in 2006. Cyclic and 

constacyclic codes are included in this ring. 

Another one is the article in [9] published by  

Özkan M.,  Öke F. in 2016.  In this article, the 

hadamard codes on this ring are presented. 

Below is information about this ring. 

)2(2 GFIF =  to be Galois  Field,  

 

 210

2

10

2
2

, IFmmumum

u

uIF

++

=
  

ring in case 02 =u   ++ 010 mum  

 ][,,.0 221010 uIFkIFmmkmum ++=  

 }{ 10 mum +=    since it will be in the form  

 
=

 2
2

u

uIF
  21010 ,}{ IFmmmum +    
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is written.  In case of 02 =u , 
 

=
 2

2

u

uIF
 

 21010 ,}{ IFmmmum +    is also a ring. Thus,  

22 IFuIFR += = 21010 , IFmmmum +  is a 

ring where 02 =u . There is an isomorphism 

defined in the form of    

    
 


⎯⎯ →⎯+ 2

2
22:

u

uIF
IFuIFf  

              }{)( 101010 mummumfmum +=++   

between the R  and  
 

 2
2

u

uIF
rings. 

This situation is indicated by 

22 IFuIFR += =:
 

 2
2

u

uIF
.  

Notation: By saying nRC , it will be understood 

that C  is a linear code of length n in R . 

II. BASIC KNOWLEDGE 

 

2.1 Definition :    Let it be qIF equal )(qGF . The 

Hamming weight of any element ),...,,( 21 nxxxx =  

of the vector space 
n

qIF  is defined as 

},0,,...,2,1{)( qiiH IFxxniforixw ==

If C  is a linear code of length n  over qIF , then 

},0)(min{)( CxxxwCw HH =  is 

descriptioned the minimum Hamming weight of 

C  code. 

The function Hd defined as )(),( yxwyxd HH −=

for each 
n

qIFyx ,  is called the Hamming 

distance. If  is a linear code of length n  over qIF , 

then },0)(min{)( CxxxwCw HH =  is 

called the minimum Hamming distance of C  

code. 

2.2 Definition :    If C   is  a code of length n  over  

the ring 22 IFuIFR += ,  Lee weight of the  

Ccccc n = − ),...,,( 110  codeword ,   

                      0)0( =Lw , 

                      1)1( =Lw , 

                      2)( =uwL  

          1)1( =+uwL    including , 

 It is defined as 
−

=

=
1

0

)()(
n

i

iLL cwcw . 

For )(),( dcwdcd LL −=  every nRdc , .  The 

function defined Ld as is called Lee distance . If C  

is a linear code of  length  n  on R ,  The minimum 

Lee distance is defined as  

CccwCd LL = )({min)( \ }}0{ . 

2.3 Definition:  Let D be a linear code of length 

n2 over 2IF . For transformation 

               :  
nn IFIF 2

2

2

2 ⎯⎯ →⎯           

),...,,(),...,,( 12101210 −− nn dddddd   

),...,,,(),...,,( 2210121210 −−− = nnn ddddddd  

 If DD =)( ,  the D  code  is defined a cyclic 

code of length n2 . 
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2.4 Definition :

2222: IFuIFIFuIF +⎯⎯ →⎯+    

                 aua .)1( +  

It is a transformation that leaves  the Lee distance 

constant.  Using this transformation 

           nn RR ⎯⎯ →⎯ :  

  ),...,,(),...,,( 110110 −−  nn ssssss   

))(),...,(),((),...,,( 201110 −−− = nnn ssssss   be 

defined . 

Let  E   is  a code of length n  over  the ring 

22 IFuIFR += . For   transformation, if

EE = )( , E  linear code is defined a 

automorphism cyclic code of length  n . 

2.5 Definition:  22 uIFIFR +=  a ring to be 

              nn IFR 2

2: ⎯⎯ →⎯                  

),...,,(),...,,( 110110 −−  nn yyyyyy   

)

,...,,,...,,(),...,,(

11

00110110

−−

−−

+

+=

nn

nn

pt

ptpppyyy
 

)10,( −+= niputy iii   

the transformation defined in the form is called the 

Gray transformation on 
nR  . 

Gray  transformation on  R  as well   

  
2

222: IFuIFIFR ⎯→⎯+=   

           ),()( ptpputput +=++         

It is in the form . 

2.6 Proposition :  let 22 uIFIFR +=  a ring,  

Gray transform  on nR  is a _R module  

homomorphism and an isometry. 

Proof: Let's show that the Gray transform is _R a 

module homomorphism . 

   nn IFR 2

2: ⎯⎯ →⎯               

 ),...,,(),...,,( 110110 −−  nn yyyyyy   

)

,...,,,...,,(),...,,(

11

00110110

−−

−−

+

+=

nn

nn

tp

tppppyyy
 

nRlz  ,  let's get  

     iiiiii suvlputy +=+= ,   )10( − ni  

2,,, IFsvpt iiii  and 

),...,,(,),...,,( 110110 −− == nn llllyyyy  is possible . 

    )),...,(),...,(()( 1010 −− +=+ nn llyyly  

),...,( 1100 −− ++= nn lyly     

),...,( 11110000 −−−− ++++++= nnnn suvputsuvput

                  

))()(),...,()(( 11110000 −−−− ++++++= nnnn spuvtspuvt

               

)

,....,,,...,(

11

1100001100

−−

−−−−

++

++++++=

nn

nnnn

vt

spvtspspsp

 
),...,,,...,,(

),...,,,...,,(

1100110

1100110

−−−

−−−

+++

++=

nnn

nnn

vsvssss

tptpppp
 

                  )()( ly +=  is provided . 

  nRy  And R let's get 

),...,,( 110 −= nyyyy it is 

               )),...,.(().( 10 −= nyyy   
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                           ).,...,.( 10 −= nyy                           

))(),...,(( 1100 −− ++= nn putput   

 ))..,...,..( 1100 −− ++= nn putput                       

)).(),...,.(,.,...,.( 110010 −−− ++= nnn ptptpp   

),...,,,...,.( 110010 −−− ++= nnn ptptpp  

 )(. y=   . 

      _R module is a homomorphism . 

      Minimum Lee distance Ld  of nR above, 

minimum Hamming distance Hd  of nIF 2

2   It is easy 

to see that there is a metric on it . Let us show 

that is an isometry.So n

n Rdddc = − ),...,,( 1101 for 

every n

n Reeec = − ),...,,( 1102  

))(),((),( 2121 ccdccd HL =   Let's show that it is   

2

222: IFIFuIFR ⎯→⎯+=   

                  ),()( tppputput +=++        

transform and 22 IFuIFR +=  uu += 1,,1,0  

Lee weights of the elements of the ring 

 Using 0)0( =Lw , 1)1( =Lw , 2)( =uwL  and 

1)1( =+uwL  where 

)0,0())0.0(())0(( HHH wuww =+= , 

 )1,0())0.1(())1(( HHH wuww =+= , 

)1,1())1.0(())(( HHH wuwuw =+=  and 

)0,1())1.1(())1(( HHH wuwuw =+=+ , 

is obtained . 

 c 22 IFuIFR += ,  ))(()( cwcw HL =  … (1) 

for 

n

nn Reeecdddc == −− ),...,,(,),...,,( 11021101  , 

)(),( 2121 ccwccd LL −=  

                     )),...,,(),...,,(( 110110 −− −= nnL eeedddw  

        ),...,,( 111100 −− −−−= nnL edededw  

               
−

=

−=
1

0

)(
n

i

iiL edw                             

),,( RedRed iiii −  

               
−

=

−=
1

0

))((
n

i

iiH edw (from (2)) 

               
−

=

−=
1

0

))()((
n

i

iiH edw  

(  _R module homomorphism ) 

                 ))()(( 21 ccwH −=  

                 ))(,)(( 21 ccdH =  is obtained.. 

      The transformation is an isometry. 

      _R module homomorphism is an 

isometry. 

2.7 Proposition [10]:     

                       nn RR ⎯→⎯:      

  ),...,,(),...,,( 110110 −− nn dddddd   

    .)1( u+= ),...,,( 110 −nddd  
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a permutation defined in the form be given. 

nRD  code is cyclic code  if ony if  )(D  code 

automorphism cyclic code. 

III.  INVERSE QUASI CYCLIC CODES AND 

AUTOMORPHISM CYCLIC CODES 
 

 

3.1 Definition: Let  D  be a linear code of length 

n2  over )2(2 GFIF = . 

          2

1



−
nn IFIF 2

2

2

2: ⎯⎯ →⎯  

        ),...,,(),...,,( 1210

2

11210 −



−− nn aaaaaa   

),...,,(),...,,( 2211210

2

1 nn bbbaaa =−



−  













+=

+=

=

=

=

−−

−

−+

−

nnia

nia

nia

ia

b

ni

n

ni

n

i

2,...,2;

1;

,...,3,2;

1;

2

1

2

12

 

Let's define a transformation in the form . If 

DD =

− )(2

1 , so the code is called an D  inverse 

quasi-cyclic code of order 2 . 

3.2 Proposition  :   if  nn IFR 2

2: ⎯⎯ →⎯ and 

nn RR ⎯⎯ →⎯ : their transformations are as in 

the 4th and 5th definitions. = 

−  2

1   is 

obtained  . 

Proof: 

   

 every n

n Raaa − ),...,,( 110 and 

2, IFptputa iiiii += including 

1,...,1,0 −= ni  

)(   =− ),...,,( 110 naaa )),...,,(( 110 − naaa                             

))(),...,(),(( 201 −−= nn aaa                          

))).1(,...,).1(,).1(( 201 −− +++= nn auauau                                

))().1(

),...,().1(),().1((

22

0011

−−

−−

++

++++=

nn

nn

putu

putuputu
                             

),...,,,,...,,( 201220011 −−−−−− +++= nnnnnn pptptptpt  

is found . On the other hand 

)( 2

1 

−  =− ),...,,( 110 naaa  

2

1



− )),...,,(( 110 − naaa                                            

)),...,,(( 111100

2

1 −−



− +++= nn putputput     

2

1



−= 

),...,,,,...,,( 111100110 −−− +++ nnn ptptptppp  

 ),...,,( 221 nddd=  

          













+=

+=

=+

=+

=

−−

−

−−

−−

nniq

niq

niqr

iqr

d

ni

n

ii

nn

i

2,...,2;

1;

,...,3,2;

1;

2

1

22

11

 

is obtained. 
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             = 

−  2

1   is possible . 

3.3 Theorem  : If C  automorphism cyclic code  on 

R , C code  of image of the code under Gray 

transformation is a 2nd order inverse quasi-cyclic 

code. 

proof :  Let C  be automorphism  cyclic code. 

           nn RR ⎯⎯ →⎯ :     

),...,,(),...,,( 110110 −−  nn cccccc   

))(),...,(),((),...,,( 201110 −−− = nnn cccccc   

using the transformation for every Cc , cc = )(   

is possible . ( Cc  ) 

)())(( cc =     It is possible . … (2) 

Since it is known from 3.2 proposition  that 

Cc for ))(())(( 2

1 cc = 

−  

using (2) )())(())(( 2

1 ccc == 

− . 

Therefore, Ccc , it is )(C an inverse quasi-

cyclic code of order 2 . 
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