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Abstract — In this study, proofs of the existence and uniqueness of solutions in integral equations are
presented. Based on the hypotheses given depending on the initial conditions and the properties of the
equations, the existence of the solution has been demonstrated using Banach fixed point theorem and
Lipschitz conditions. Again with the help of inequality techniques some qualitative behaviors of the
solutions of the equation and limitation properties of the solutions were examined. With this evidence it

has been observed that the contraction map in a complete space always has a fixed point.
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I. INTRODUCTION

Integral equations are global equations because
they require integration over the entire space. This
means finding the value of the sought function at a
point in terms of expressions containing the integral
of that function over the entire space. Integral
equations are generally much more difficult to
solve. For this reason, it is thought that it would be
useful to find approximate solutions of this type of
systems, which have an important place in the fields
of physics and engineering. In recent years, there
has been a significant increase in studies on linear
and nonlinear integral differential equations [1]- [5].
Nonlinear integral equations are used in many
branches of nonlinear functional analysis. The most
common areas are; Applications in engineering,
mechanics, physics, electrostatics, biology,
chemistry and economic theory [6]. The difficult
part of these studies is finding solutions when
dealing with Volterra-Fredholm fractional integral
differential equations. For this reason, many
researchers have tried to use different techniques for
the solution. Some of the analytical and numerical
solutions of these techniques and problems are
given in [7]- [9]. In many articles the existence and

uniqueness of solutions of some types of integral
equations are discussed [10]- [12]. They examined
the existence of first-order integral equations and
their uniqueness consequences with the argument
from type divergence [13]. investigated the
existence of solutions to iterative integral
differential equations [14]. They demonstrated the
existence and uniqueness of the solution for the
iterative integral differential.

Based on these problems, in this article we will
discuss new existence and uniqueness results for
nonlinear variables.

Il. MATERIALS AND METHOD

Existence and Unigueness of the Solution

.To demonstrate the existence and uniqueness of
solutions to first-order integral equations, we will
first give basic definitions and theorems frequently
used in analysis.

Theorem 2.1. (Fredholm Alternative Theorem)

If the homogeneous Fredholm integral equation is
as follows,

u(x) = [ f(x,y)u®) dy, (1)
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The following formula has only zero solutions,
u(x) = 0.

Theorem 2.2. (Uniqueness of Solution)

Consider the Fredholm Integral Equation given
below,

u(®) = h() +pu f, £ y)u®) dy, 0
From this we conclude the following,

1. The kernel f(x,y) in equation (2) is continuous
in the square

n:{(x:}’)iaSXSb,agygb}
2. f (x) is a continuous real-valued function,

Then the following condition

lulM(b —a)<1 3
where
|f (e, )| < MeR. 4)

These conditions must be met for the existence of a
single solution to the equation in (2). Otherwise

If the necessary condition in (3) is not satisfied,
then a continuous solution may exist.

Definition 2.3. (Metric space)

Let (M, d) denote a metric space. Let M be a set
and d be the distance function d: MxM — R is a
distance function. Such that this metric satisfies the
following three conditions,

a) Foreach x,yeM,0 < d(x,y) ved(x,y) =0
Sx=y.

In other words, the distance between any two
elements in the set M can never be negative, and the
distance between these two points can be 0 only if
the points are equal to each other.

b) Forall x,yeM, d(x,y) = d(y, x),
So the distance is symmetric in x and y.

c) Forallx,y,ze M, d(x,z) <d(x,y) +d(y, z).
This inequality is called triangle inequality.

Definition 2.4. (Fixed point of a mapping)

(M, d) metric space, S € M and T transformation
T:S—>M,T(u) =v,

Let it be given wit. The element u, €S, where
T(u,) = u,, IS called the fixed point of the
T transformation.

Definition 2.5. (Shrinkage mapping)

If there is a number a (0 <a < 1)
d(T(uy), T(uy)) < ad(u.uy) for  u,u, €5,
function T is called a contraction function.

such that
the

Definition 2.6. (Lipschitz Condition)

Let f be a function defined on Q(a,b) xR. Vx,y€
Q(a,b) xR for |f(x) — f()| < M|x —y| if there is a
number M independent of x and y, the function f£(x)

is said to satisfy the Lipschitz condition on
Q(a,b) XR.

Theorem 2.7.( Fixed Point Theorem)

If (M, d) is a complete metric spaceand T:M - M
is a contraction function, T has one and only one
fixed point.

Proof: Let's see that the following conditions are
met for the T (u) = u transformation.

a) If there is a fixed point, it is odd.

b) The existence of a fixed point, for this we will
first show that the series of consecutive
approximations u,,; = T(u,) is a Cauchy
convergent series since it is in the full metric space.
We will show that the limit point for the convergent
series is u = iii?ou(")' u = T(uw) is the fixed point
of the transformation.

a) Let's assume the opposite to prove that the fixed
point is odd. So let's assume that there are points u
and v that are different from each other. In this case,
u # v and hence d(u, v) # 0.

It is obvious that u =T(u) and v =T(v) and
d(T(w), T(v)) =d(u,v) #0. Since T is a
contraction function, if we use the following three
inequalities,

d(T(uqy), T(uy) < ad(uq.uy),
d(T(u),T(v)) <ad(uv),0<a<l1

d(T(w), T(v)) = d(u,v) # 0 ve d(T(w), T(v)) =
ad(u,v), (5)

hence,
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d(u,v) = d(T(u),T(v)) <ad(u,v)

and from here the equality (1-a)d(u,v)<0 is
reached.

Since d(u,v) >0, (1-a)<0 and hence is
obtained a > 1. This contradicts the fact that 0 < a <
1 we stated in the contraction function. This shows
that d(u,v) = 0, that is u = v.

b) To prove the existence of a fixed limit point such
that u = T(u), we will show that when we apply
iterative operations to the sequence u,,, the sequence
un4+1 = T (u,) we obtain is a Cauchy sequence. With
the help of the contraction property, we will find the
distance d(u,,u,.,) Dbetween the first two
consecutive approaches ujand u, in terms of
d(uqg, uy).

In the next step, we will find the distance
d(up, Un4p). For this, we will use the definition of
the Cauchy sequence. (For V& > 0 there is an

ngy € N, such that n, m>ng if d(u,, u,,) <€)
Unp1(x) = [ F(x,y,u,(y))dy from equality,
d(uy,uz) = d(T(uqg,uy) < ad(uqg,u,),

if we continue in the same way,

d(us, uy) = d(T(uy), T(us)) < a d(uy, us),

Here, for d(u,, u3) on the right side of the equation,
if we use the inequality

d(uy,uz) < ad(uq,uy),

d(us,uy) < ad(uy,us) < a?d(ug,uy),
if we continue this way

d(Un, Uny1) < a7 Hd(Uyg, up),

the equation is reached. Here, due to the geometric
factor a™ 1, the distance between the terms u,, and
U, 4+1 1S sSmaller than the distance between the terms
w,and u,.

Here we also need to show Cauchy convergence,
which will require the use of the previous result and
the triangle inequality of the metric d(u,, un4p)-
We see that if we use the triangle inequality over and
over again, we get

d(un' un+p) = d(un' un+1) + d(un+1run+2)
+ d(Unsg) Unss) +

+d (un+p—1' Un+p )

Since d(uy,, upy1) < a™ 1d(uy,u,) for each of the
terms on the right side of this inequality,

d(un, un+p) < d(up, Upsr) + dUpgq, Upyp) +
d(un+2run+3) + e+ d(un+p—1'un+p)

< a" ld(uy,uy) + atd(ug,uy) +
a™ld(uy, uy) + -+ a™P2d (uy, uy)

=[a"1+a*+a* 1+ -+ a™P2]d(uy, uy)

=a"'(1+a+a*+ -+ a’ Dd(u,u,)

—aP
=a"! 11_aa d(uy, up). (6)
Here, it is clearly seen that the expression in
parentheses on the left side of the equation is a
geometric series and that the expression on the right
side of the equation converges to 0 for n — co. This
shows that d(uy, t,,p) = 0 for n - co. Since the
sequence u, is an element of the full metric space,
it converges to a point u. Now let's say that this point
u is the element of our equation.We need to show
that there is a fixed point such that u = T(u). In
other words, d(u, T(u)) = 0. Hence, u,,; = T(u,)
and the existence of the limit point,

lim iy = limu(n) =,

or

n — oo icin d(u,T(un)) =d(u, Upyq) = o,

d(u,u,) — 0. If we use the triangle inequality with
these results is obtained

du,T(w)) < d(u, T(un)) +d(T(u,), T(W))
< d(u, T(u,)) + ad (up, w)

< d(uw, upyq) + ad(uy, w).

After using the distributive property of the T
operator in the last term, each term on the right of
the equation approaches 0 for n — co. This shows
that d(u, T (u)) < 0. Moreover, since the distance d
cannot be less than 0, d(u, T(w)) = 0, which in the
fixed point theorem, it shows that u = T (u).
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Existence of Solutions to Linear Fredholm Integral
Equations

Let's consider the linear fredholm integral equation,
b
u(x) = h(x) +uf, fl,uly)dy

First we need to find a. Let h(x) be continuous in the
range [a,b] and f(x,y), be continuous in the set

D = {(x,y):xela.b],y, x€e[a, b]}.

For such functions, the continuous full metric space
C|[a, b] and its metric function d(x, y),

d(f(x),g(x)) = MaXyefap)|f (X) — g(O)|; (7
f,ge Cla,b].

In (7), we must first state that the f(x,y)) kernel is
limited as a sufficient condition for the T(u)
transformation to be a contraction transformation.
Since f(x,y) is continuous in the D square region
given below, f(x,y) < M, which means it is limited.
To show that T is a contraction transformation, we
will use two continuous functions of C[a,b],
B(x),y(x) and the metric functions T(B(x))

T(y ().

d (T(B()), T(r(x))) = maxyefa ) |g(x) +
Wl Fe By — [() +u f; £ y)y () dy|

= MmaXyefap) 1S FOLYBG) = v3)dY]|
< MaXyeiap) [ WF @ YIBG) -yl dy

< [WIMMaxgefap [L1BG) = vO)]l dy

< M (b — a)d(B(x),y(x) = ad(B(x),y(x).

Since the upper limit of the f(x,y) function is M,
here
a=|uM(b —a)|<1. (8)

Since the linear fredholm integral equation is
1_a)), in the equation a = uM(b — a) in (8),

M(b
it becomes a shrinkage function. In this case, the u,
input has the maximum error limit. It will produce
the output u,,, ;.

a<l(p<

&= maxxe[a,b] |u — Up41 |S

|uM(b—a)|"

1—|uM(b—a)| maxxe[a,b] | uZ - ul |I (9)

Here, the estimated maximum difference between
the first two terms u,and u, is p|M(b — a)|<1.

Existence of Solutions to Nonlinear Fredholm
Integral Equations

Let the nonlinear Fredholm integral equation be
given as follows,

u(x) = h(x) +  f, F(x,y,u()) dy

The existence of a solution to this equation is
possible if the following conditions are met:

1. For a < x < b, the function a(x) is limited, that is,
h(x)<R.

2. For a<xy<b, the function F(x,y,u(y)) is
integrable and bounded. So |F(x,y,u(»))|<M.

3. The function F(x,y,u(y))) satisfies the Lipschitz
condition. That is,
|F(x,y,zl) - F(x,y,zz)|<M|zl - ZZl'

Theorem 2.8. Nonlinear fredholm integral equation
be given as follows,

u(x) = h(x) + i f) F(x,y,u(y)) dy

Also, let's assume that the function F(x,y,z) is
defined on the set Q(a,b) xR and satisfies the
Lipschitz conditions. That is,

|F(x,y,21) — F(x,y,22)|<M|z, — zy|.

Then, the given integral equation is for p<
[a, b] it has only one solution.

M(b-a) on

I11. RESULTS

In integral equations, the existence and
uniqueness of solutions are investigated depending
on a particular problem or type of equation. The
existence and uniqueness of the solution in an
integral equation are shaped by the initial conditions
and the properties of the equations. Here, this
examination for the Fredholm equation was made
with the fixed point theorem.
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IvV.DISCUSSION

If an integral equation has a solution, that solution
is usually defined on a certain interval and the
definite integral must be taken. Uniqueness means
that the solution of an equation is sufficiently
regular within a certain range. In integral equations,
the uniqueness of solutions is examined with
Lipschitz conditions or special theorem.

V. CONCLUSION

The existence and uniqueness of solutions of
integral equations are demonstrated through various
theorems and methods used in mathematics. The
existence and uniqueness of solutions can be proven
for different integral equations using different
techniques and approaches. We demonstrated the
existence and uniqueness of the solution for the
Fredholm equation by using the fixed point
theorem, the Lipschitz condition, and some
inequalities. Banach's Fixed Point Theorem states
that a contraction map in a full space always has a
fixed point. It is important in making predictions for
a specific integral equation in the mathematical
literaturetion.
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