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Abstract — In this paper, the concept of exponential type multiplicatively (s, P)-function is introduced.
Some algebraic properties of the newly defined classes of functions are studied. Integral inequalities of
Hermite-Hadamard type are established for the novel classes of functions in the setting of multiplicative
calculus. Also, Hermite—Hadamard type inequalities are derived for the multiplication and division of
exponential type multiplicatively (s, P)-functions. The findings of this work may stimulate further

research for the researchers working in this field.
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I. INTRODUCTION

The function f:3 c R - R is said to be convex if
the inequality

flwr+ (1 -w)y) <wf() + (1 —-w)f(y)
holds for all »,y € Jand w € [0,1].

The function f is said to be concave if —f is
CONvex.

The most renowned inequality associated with the
integral mean of a convex function is Hermite-
Hadamard’s inequality, which is given as follows
(see [1,2] ):

Theorem 1. Let /:J — R be an integrable convex
function. Then

(57

In recent years, Hermite-Hadamard’s inequality
has garnered renewed attention and have become a
significant tool for mathematical analysis,
probability theory, optimization, and other

L fO)+f(y)
y_%f” f@)da < ===

branches of mathematics. Furthermore, through
examining diverse scenarios, this inequality has
been discovered to possess a multitude of

applications. For  various extensions and
generalizations of the Hermite-Hadamard’s
inequality  utilizing innovative and novel

approaches, refer to [4-14] and the respective
references mentioned therein.

Now, we will give some basic definitions and
results.

Definition 1. [2] A function f:J — (0, ) is said to
be logarithmically or multiplicatively convex on
set f, if

O+ w@—x) <(FEN™ (FON®
forall »,y € 3and w € [0,1].

In [3], Ali et al. established Hermite-Hadamard
inequality for multiplicatively convex functions as
follows:

Theorem 2. Let f be a positive and multiplicatively
convex function on interval [, y]. Then



http://as-proceeding.com/
https://as-proceeding.com/index.php/iccar
https://as-proceeding.com/index.php/iccar

1

y y—»x
() = ([ c@r) ™ < 6ueoron

where G(.,.) is the geometric mean.

In [8], Ozcan introduced the class of exponential
type multiplicatively convex functions and
established Hermite-Hadamard inequality for this
class of functions as follows:

Definition 2. A positive function f:J - R is called
exponential type multiplicatively convex if,

1—w_1

flwn + (1= w)y) < Fe)N T FO)*

forall »,y e Tand w € [0,1].

Theorem 3. Let f be an exponential type
multiplicatively convex function on [, y]. Then

y 2(Je-1)
! (Kzﬂ> = (L f (a>d“> T s eoropeE e

Il. PRELIMINARIES

A. Multiplicative Calculus
Recall that the concept of multiplicative integral or
* integral is denoted by [ (f(«))® while the
ordinary integral is denoted by fxy (f(a)da. This is
because the sum of the terms of product is used in
the definition of a classical Riemann integral of f
n [»,y], the product of terms raised to certain
powers is used in the definition of * integral of f
on [x,y].

There is the following relation between Riemann
integral and * integral ([15]):

Proposition 1. If f is positive and Riemann
integrable on [x, y], then f is * integrable on [x,y]
and

f ’ (f(@)4e = ey In (f(@)da

In [5], Bashirov et al. show that * integral has the
following results and notations:

Proposition 2. If f is positive and Riemann
integrable on [x,y], then f is multiplicatively
integrable on [x, y] and

LI ((F @))% = [ ((f (@),
.S (F(@)g(@)@ = [ (F()® - [ (g(a))?,

Y (f@\% _ [ (F@)de
n. f (g(a)) I

V. [ (F @)™ = [ (F@)n™- [ (f@)*x<u<y.

Voo LX) =1, (ranie = (£ (panie)

L THE DEFINITION OF EXPONENTIAL
MULTIPLICATIVELY (s, P)-FUNCTIONS

In this section we give a new definition, which is

called exponential type multiplicatively (s, P)-

function and study some of its basic algebraic

properties.

TYPE

Definition 3. A positive function f: § — R is called
exponential type multiplicatively (s, P)-function if,

flan+ (1= w)y) < FEOf )2

holds for all »yeJ and we€[0,1] and s€
[In 2.5,1].

Note that for s = 1, the class of exponential type
multiplicatively (s, P)-functions reduces to the
class of exponential type multiplicatively P-
functions.

Remark 1. The range of the exponential type
multiplicatively (s, P)-functions is [1, o).

Using the definition of the exponential type
multiplicatively (s, P)-function for w =1 and c €
1, we have

f(e) < (f(e)e+e =2
(F)+e ™3 21
floy=1

which is the desired result.

Lemma 1. For all w €[0,1] and s € [In 2.5,1] the
following inequality holds.



es® +e5(1-@) — 2 > 1,
Proof. The proof is clear from the inequalities
es? —1>wand e’ - 1> 1 - w.

Proposition 3. Every multiplicatively (s, P)-
function is an exponential type multiplicatively
(s, P)-function.

Proof. According to Lemma 1 and Definition 3, we
have

flwx + (1 — w)y) < (FEOf ()@ +A-er
< (FOOf ) e ™2,
which completes the proof.

Theorem 4. Let f,g:[#,y]> R. If f and g are
exponential type multiplicatively (s, P)-functions,
then f.g is exponential type multiplicatively
(s, P)-function.

Proof. Let f and g be exponential
multiplicatively (s, P)-functions. Then

type

(f - 9)(wr + (1 - w)y)
= flwx + (1 - w)y) - g(wx + (1 - w)y)

< (FOOF N 2 (g g ()
= (F0g0” T (g
= ((F- @O T2 (F - gy ) T2,

esw pes(1—w) _p

Thus, the proof is completed.

Theorem 5. If f/:J > & is convex and g:S - R is
an exponential type multiplicatively (s, P)-function
and nondecreasing, then gof:J—>R is an
exponential type multiplicatively (s, P)-function.

Proof. For »,y € Jand w € [0,1], we get
(g ° f)(wx + (1 — w)y)

= gf (wx + (1 — w)y)

< g(wf(0) + (1 — w)f )

< [gUf g (F e+ -2

= [(g ° f)(%)]esw_'_esu—w)_z. [(g o f)()’)]esw+e5(1_w)_2.
This completes the proof.

Theorem 6. Let f;: [#,y] — R be an arbitrary family
of exponential type multiplicatively (s, P)-
functions and let f(a) =sup;fi(a). If I={0€
[,y]: f(6) < 0} # @, then I is an interval and f is
an exponential type multiplicatively (s, P)-function
onl.

Proof. For all »,y € I and w € [0,1], we have

flwx+ (1 - w)y)
= supfi(wx + (1 — w)y)

< sup[ (GOSN
< Slllp (fi(%))esw+es(1—w)_2 . Sl;lp (fl (y))esw+es(1_w)_2

= (f(}{))esw+e5(1—w)_2 . (f(y))eswﬂas(l‘w)_z

< oo,

So, the proof is completed.

Theorem 7. If f:[»,y] » R is exponential type
multiplicatively (s, P)-function, then f is bounded
on [x,y].

Proof. Let a€[xy] and K = max{f(x),f()}.
Then, there exists w € [0,1] such that a = wx +
(1 — w)y. Thus, since e5® < e and eS1=2) < ¢, we
have

f(@) < flwx+ (1 - w)y)
< (FOOf () e ™2
< Kesw+es(1—w)_2
< KZ(e—l)
=M

Also, for all a € [x, y], there exists u € [0,%] such
+

that @ = 22 + s or @ = 2% — 1. Without loss of

generality, we suppose a = 22

2

()= G+ w222 )

<[ (0]

+ u. So, we have
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Since M is the upper bound, we have e — 2)f In <wy + (; w)%) do
0

+ Y\[Ves-1 1 y 1
F(x =(e5—2)[— 1 da+—| 1 d]
f(a)z[ (%2”)] ) — [ f@)da %_yfy n f(@)da
f — U s
2 2(6 f In f(a)da
n 1
X+ Y\|Ves-1 Thus, we have
I (=2)]
N M 2(e5-2)
; (}{ + y) < e(ﬁfj In f(a)da)
=m.
2(e5-2)
IV.HERMITE-HADAMARD’S ~ INEQUALITY  FOR _ <fy (f(a))da> e
EXPONENTIAL TYPE MULTIPLICATIVELY (s, P)-
FUNCTIONS Hence
Theorem 8. Let f be an exponential type 2(e5-2)
.- . . y -x
multiplicatively (s, P)-function on [x, y]. Then f (” 42‘ 3’) < (L (f(a))da> Y
2(e5-2)
y - . . . .
f(%J2FY> < (j f(a)da> Y To prove the right hand side of the inequality (1),
" we have
4(e5-2)(eS-s-1) 1
SFEfor s (4) < fy 7 ))dayT”
a

The above inequality is called Hermite-Hadamard
integral  inequality  for  exponential  type
multiplicatively (s, P)-functions.

1

— (e(f,f In f(a)da)))y——%

1
Proof. Note that _ oyl In f(@da)

(K + y) _ e(fol In f(wu+(1—w)y)dw)
In f

2
( ( J{+(1—a))y+a)y+(1—w)}t))
(

=l
<In Kf (G- w)y)> ( Al w)z)fj - e[rf(f:)f(y)]

= (e = 2)In f(“E=22) 4 (65 — 2)n f(2C=2%), ) 1

Integrating the above inequality with respect to w ( L f (“))da> < [fGIf )]
on [0,1], we have

< efol In (f(%)f(y))esw+es(1—w)—2dw

— oly [(e52+e50=92)In [f G f (9] |dw

ox+(1l—w wy+ (1 —wx e
( y eyt (d-w) )) = eI [FCOf O]

2
2(es sl)

Z(es —-s— 1)

So, the proof is completed.

In f (” Ty )

Remark 2. For s = 1, the inequality (1) reduces to

< (es_z)flln f(a»f+(1—w)y> do the following inequality for exponential type
0

2 multiplicatively P-functions.
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1 [ )

< [FOOf ()]*E27,

f(*

Corollary 1. Let f and g be two exponential type
multiplicatively (s, P)-functions on [, y]. Then

r(557)e(5%)
2(e-2)

< ( f " (Flay f ’ (g(a))d“) T

4(e—2)(eS—s—1)
s

SfCOf(gG)g®)]

Corollary 2. Let f and g be two exponential type
multiplicatively (s, P)- functions on [, y]. Then

=2

a(2%)

2(e=2)

e

4(e—2)(eS—s—1)
s

—+

(f,f (f (@))%
7 (g(a))?e

NN

N

<

fCOf ()
(g(z)g(i))

V. CONCLUSION

In this paper, we investigated exponential type
multiplicatively multiplicative (s, P)-functions. We
obtained a new version of the Hermite—Hadamard
type integral inequality in the setting of
multiplicative calculus for the newly classes of
functions. We also derived integral inequalities of
Hermite—Hadamard type for the multiplication and
division of exponential type multiplicatively
multiplicative (s, P)-functions in multiplicative
calculus. In recent years, Hermite-Hadamard
inequalities have grown into a significant tool for
mathematical  analysis,  probability  theory,
optimization, and other fields of mathematics.
Many studies have been dedicated to bringing a
new dimension to the theory of inequalities. We
believe that this class of functions will be deeply
researched in this attractive and absorbing field of
inequalities and also in different areas of pure and
applied sciences. We also believe that our
techniques and ideas will stimulate further research
in this field.
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