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Abstract – In this paper, the concept of exponential type multiplicatively (𝑠, 𝑃)-function is introduced. 

Some algebraic properties of the newly defined classes of functions are studied. Integral inequalities of 

Hermite-Hadamard type are established for the novel classes of functions in the setting of multiplicative 

calculus. Also, Hermite–Hadamard type inequalities are derived for the multiplication and division of 

exponential type multiplicatively (𝑠, 𝑃)-functions. The findings of this work may stimulate further 

research for the researchers working in this field.   
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I. INTRODUCTION 

The function 𝑓: 𝔍 ⊂ ℝ → ℝ is said to be convex if 

the inequality 

𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) ≤ 𝜔𝑓(𝜘) + (1 − 𝜔)𝑓(𝑦) 

holds for all 𝜘, 𝑦 ∈ 𝔍 and 𝜔 ∈ [0,1]. 

The function 𝑓 is said to be concave if −𝑓 is 

convex. 

The most renowned inequality associated with the 

integral mean of a convex function is Hermite-

Hadamard’s inequality, which is given as follows 

(see [1,2] ): 

Theorem 1. Let 𝑓: 𝔍 → ℝ be an integrable convex 

function. Then 

𝑓 (
𝜘 + 𝑦

2
) ≤

1

𝑦 − 𝜘
∫  
𝑦

𝜘

𝑓(𝛼)𝑑𝛼 ≤
𝑓(𝜘) + 𝑓(𝑦)

2
. 

In recent years, Hermite-Hadamard’s inequality 

has garnered renewed attention and have become a 

significant tool for mathematical analysis, 

probability theory, optimization, and other 

branches of mathematics. Furthermore, through 

examining diverse scenarios, this inequality has 

been discovered to possess a multitude of 

applications. For various extensions and 

generalizations of the Hermite-Hadamard’s 

inequality utilizing innovative and novel 

approaches, refer to [4–14] and the respective 

references mentioned therein. 

Now, we will give some basic definitions and 

results. 

Definition 1. [2] A function 𝑓: 𝔍 → (0,∞) is said to 

be logarithmically or multiplicatively convex on 

set ϝ, if 

𝑓(𝜘 + 𝜔(𝑦 − 𝜘)) ≤ (𝑓(𝜘))1−𝜔 ⋅ (𝑓(𝑦))𝜔 

for all 𝜘, 𝑦 ∈ 𝔍 and 𝜔 ∈ [0,1]. 

In [3], Ali et al. established Hermite-Hadamard 

inequality for multiplicatively convex functions as 

follows: 

Theorem 2. Let 𝑓 be a positive and multiplicatively 

convex function on interval [𝜘, 𝑦]. Then 
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𝑓 (
𝜘 + 𝑦

2
) ≤ (∫  

𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼)

1
𝑦−𝜘

≤ 𝐺(𝑓(𝜘), 𝑓(𝑦)) 

where 𝐺(. , . ) is the geometric mean. 

In [8], Ozcan introduced the class of exponential 

type multiplicatively convex functions and 

established Hermite-Hadamard inequality for this 

class of functions as follows: 

Definition 2. A positive function 𝑓: ℑ → ℝ is called 

exponential type multiplicatively convex if, 

𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) ≤ (𝑓(𝜘))𝑒
𝜔−1(𝑓(𝑦))𝑒

1−𝜔−1 

for all 𝜘, 𝑦 ∈ 𝐼 and 𝜔 ∈ [0,1]. 

Theorem 3. Let 𝑓 be an exponential type 

multiplicatively convex function on [𝜘, 𝑦]. Then 

𝑓 (
𝜘 + 𝑦

2
) ≤ (∫  

𝑦

𝜘

 𝑓(𝛼)𝑑𝛼)

2(√𝑒−1)
𝑦−𝜘

≤ [𝑓(𝜘)𝑓(𝑦)]2(√𝑒−1)(𝑒−2) 

II. PRELIMINARIES 

A. Multiplicative Calculus 

Recall that the concept of multiplicative integral or 

* integral is denoted by ∫𝜘
𝑦
 (𝑓(𝛼))𝑑𝛼 while the 

ordinary integral is denoted by ∫𝑥
𝑦
 (𝑓(𝛼))𝑑𝛼. This is 

because the sum of the terms of product is used in 

the definition of a classical Riemann integral of 𝑓 

on [𝜘, 𝑦], the product of terms raised to certain 

powers is used in the definition of * integral of 𝑓 

on [𝜘, 𝑦]. 

There is the following relation between Riemann 

integral and * integral ([15]): 

Proposition 1. If 𝑓 is positive and Riemann 

integrable on [𝜘, 𝑦], then 𝑓 is * integrable on [𝜘, 𝑦] 

and 

∫  
𝑦

𝜘

(𝑓(𝛼))𝑑𝛼 = 𝑒∫  
𝑦

𝜘
 ln(𝑓(𝛼))𝑑𝛼 

In [5], Bashirov et al. show that * integral has the 

following results and notations: 

Proposition 2. If 𝑓 is positive and Riemann 

integrable on [𝜘, 𝑦], then 𝑓 is multiplicatively 

integrable on [𝜘, 𝑦] and 

I. ∫
𝜘

𝑦
 ((𝑓(𝛼))𝑝)𝑑𝛼 = ∫

𝜘

𝑦
 ((𝑓(𝛼))𝑑𝛼)𝑝, 

II.∫
𝜘

𝑦
 (𝑓(𝛼)𝑔(𝛼))𝑑𝛼 = ∫

𝜘

𝑦
 (𝑓(𝛼))𝑑𝛼 ⋅ ∫

𝜘

𝑦
 (𝑔(𝛼))𝑑𝛼, 

III. ∫
𝜘

𝑦
  (
𝑓(𝛼)

𝑔(𝛼)
)
𝑑𝛼

=
∫𝜘
𝑦
 (𝑓(𝛼))𝑑𝛼

∫𝜘
𝑦
 (𝑔(𝛼))𝑑𝛼

 

IV. ∫
𝜘

𝑦
 (𝑓(𝛼))𝑑𝛼 = ∫

𝜘

𝜇
 (𝑓(𝛼))𝑑𝛼 ⋅ ∫

𝜇

𝑦
 (𝑓(𝛼))𝑑𝛼 , 𝜘 ≤ 𝜇 ≤ 𝑦. 

V. ∫
𝜘

𝜘
 (𝑓(𝛼))𝑑𝛼 = 1 , ∫

𝜘

𝑦
 (𝑓(𝛼))𝑑𝛼 = (∫

𝑦

𝜘
 (𝑓(𝛼))𝑑𝛼)

−1
. 

III. THE DEFINITION OF EXPONENTIAL TYPE 

MULTIPLICATIVELY (𝑠, 𝑃)-FUNCTIONS 

In this section we give a new definition, which is 

called exponential type multiplicatively (𝑠, 𝑃)-
function and study some of its basic algebraic 

properties. 

Definition 3. A positive function 𝑓: 𝔍 → ℝ is called 

exponential type multiplicatively (𝑠, 𝑃)-function if, 

𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) ≤ (𝑓(𝜘)𝑓(𝑦))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2 

holds for all 𝜘, 𝑦 ∈ 𝔍 and 𝜔 ∈ [0,1] and 𝑠 ∈

[ln 2.5,1]. 

Note that for 𝑠 = 1, the class of exponential type  

multiplicatively (𝑠, 𝑃)-functions reduces to the  

class of exponential type  multiplicatively 𝑃-

functions. 

Remark 1. The range of the exponential type 

multiplicatively (𝑠, 𝑃)-functions is [1,∞). 

Using the definition of the exponential type 

multiplicatively (𝑠, 𝑃)-function for 𝜔 = 1 and 𝑐 ∈

𝐼, we have 

𝑓(𝑐) ≤ (𝑓(𝑐))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2 

(𝑓(𝑐))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−3 ≥ 1 

𝑓(𝑐) ≥ 1 

which is the desired result. 

Lemma 1. For all 𝜔 ∈ [0,1] and 𝑠 ∈ [ln 2.5,1] the 

following inequality holds. 
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𝑒𝑠𝜔 + 𝑒𝑠(1−𝜔) − 2 ≥ 1. 

Proof. The proof is clear from the inequalities 

𝑒𝑠𝜔 − 1 ≥ 𝜔 and 𝑒𝑠(1−𝜔) − 1 ≥ 1 − 𝜔. 

Proposition 3. Every multiplicatively (𝑠, 𝑃)-
function is an exponential type multiplicatively 

(𝑠, 𝑃)-function. 

Proof. According to Lemma 1 and Definition 3, we 

have 

𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) ≤ (𝑓(𝜘)𝑓(𝑦))𝜔
𝑠+(1−𝜔)𝑠 

≤ (𝑓(𝜘)𝑓(𝑦))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2, 

which completes the proof. 

Theorem 4. Let 𝑓, 𝑔: [𝜘, 𝑦] → ℝ. If 𝑓 and 𝑔 are 

exponential type multiplicatively (𝑠, 𝑃)-functions, 

then 𝑓. 𝑔 is exponential type multiplicatively 

(𝑠, 𝑃)-function. 

Proof. Let 𝑓 and 𝑔 be exponential type 

multiplicatively (𝑠, 𝑃)-functions. Then 

(𝑓 ⋅ 𝑔)(𝜔𝜘 + (1 − 𝜔)𝑦) 

= 𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) ⋅ 𝑔(𝜔𝜘 + (1 − 𝜔)𝑦) 

≤ (𝑓(𝜘)𝑓(𝑦))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2

⋅ (𝑔(𝜘)𝑔(𝑦))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2

 

= (𝑓(𝜘)𝑔(𝜘))
𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2

(𝑓(𝑦)𝑔(𝑦))
𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2

 

= ((𝑓 ⋅ 𝑔)(𝜘))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2 ⋅ ((𝑓 ⋅ 𝑔)(𝑦))𝑒

𝑠𝜔+𝑒𝑠(1−𝜔)−2. 

 

Thus, the proof is completed. 

Theorem 5. If 𝑓: 𝔍 → 𝔖 is convex and 𝑔:𝔖 → ℝ is 

an exponential type multiplicatively (𝑠, 𝑃)-function 

and nondecreasing, then 𝑔 ∘ 𝑓: 𝔍 → ℝ is an 

exponential type multiplicatively (𝑠, 𝑃)-function. 

Proof. For 𝜘, 𝑦 ∈ 𝔍 and 𝜔 ∈ [0,1], we get 

(𝑔 ∘ 𝑓)(𝜔𝜘 + (1 − 𝜔)𝑦) 

= 𝑔𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) 

≤ 𝑔(𝜔𝑓(𝜘) + (1 − 𝜔)𝑓(𝑦)) 

≤ [𝑔(𝑓(𝜘))𝑔(𝑓(𝑦))]𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2 

= [(𝑔 ∘ 𝑓)(𝜘)]𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2. [(𝑔 ∘ 𝑓)(𝑦)]𝑒

𝑠𝜔+𝑒𝑠(1−𝜔)−2. 

This completes the proof. 

Theorem 6. Let 𝑓𝑖: [𝜘, 𝑦] → ℝ be an arbitrary family 

of exponential type multiplicatively (𝑠, 𝑃)-
functions and let 𝑓(𝛼) = sup𝑖  𝑓𝑖(𝛼). If 𝐼 = {𝜃 ∈

[𝜘, 𝑦]: 𝑓(𝜃) < ∞} ≠ ∅, then 𝐼 is an interval and 𝑓 is 

an exponential type multiplicatively (𝑠, 𝑃)-function 

on 𝐼. 

Proof. For all 𝜘, 𝑦 ∈ 𝐼 and 𝜔 ∈ [0,1], we have 

𝑓(𝜔𝜘 + (1 − 𝜔)𝑦) 

= sup
𝑖
 𝑓𝑖(𝜔𝜘 + (1 − 𝜔)𝑦) 

≤ sup
𝑖
 [(𝑓𝑖(𝜘)𝑓𝑖(𝑦))

𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2] 

≤ sup
𝑖
 (𝑓𝑖(𝜘))

𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2 ⋅ sup
𝑖
 (𝑓𝑖(𝑦))

𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2 

= (𝑓(𝜘))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2 ⋅ (𝑓(𝑦))𝑒

𝑠𝜔+𝑒𝑠(1−𝜔)−2 

< ∞. 

So, the proof is completed. 

Theorem 7. If 𝑓: [𝜘, 𝑦] → ℝ is exponential type 

multiplicatively (𝑠, 𝑃)-function, then 𝑓 is bounded 

on [𝜘, 𝑦]. 

Proof. Let 𝛼 ∈ [𝜘, 𝑦] and 𝐾 = max{𝑓(𝜘), 𝑓(𝑦)}. 

Then, there exists 𝜔 ∈ [0,1] such that 𝛼 = 𝜔𝜘 +

(1 − 𝜔)𝑦. Thus, since 𝑒𝑠𝜔 ≤ 𝑒 and 𝑒𝑠(1−𝜔) ≤ 𝑒, we 

have 

𝑓(𝛼)≤ 𝑓(𝜔𝜘 + (1 − 𝜔)𝑦)

≤ (𝑓(𝜘)𝑓(𝑦))𝑒
𝑠𝜔+𝑒𝑠(1−𝜔)−2

≤ 𝐾𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2

≤ 𝐾2(𝑒−1)

= 𝑀

 

Also, for all 𝛼 ∈ [𝜘, 𝑦], there exists 𝜇 ∈ [0,
𝑦−𝜘

2
] such 

that 𝛼 =
𝜘+𝑦

2
+ 𝜇 or 𝛼 =

𝜘+𝑦

2
− 𝜇. Without loss of 

generality, we suppose 𝛼 =
𝜘+𝑦

2
+ 𝜇. So, we have 

𝑓 (
𝜘 + 𝑦

2
)= 𝑓 (

1

2
[
𝜘 + 𝑦

2
+ 𝜇] +

1

2
[
𝜘 + 𝑦

2
− 𝜇])

≤ [𝑓(𝛼) ⋅ 𝑓 (
𝜘 + 𝑦

2
− 𝜇)]

√𝑒𝑠−1

.
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Since 𝑀 is the upper bound, we have 

𝑓(𝛼) ≥
[𝑓 (

𝑥 + 𝑦
2 )]

1

√𝑒𝑠−1

𝑓 (
𝜘 + 𝑦
2

− 𝜇)
 

≥
[𝑓 (

𝑥 + 𝑦
2

)]

1

√𝑒𝑠−1

𝑀
 

= 𝑚. 

IV. HERMITE-HADAMARD’S INEQUALITY FOR 

EXPONENTIAL TYPE MULTIPLICATIVELY (𝑠, 𝑃)-
FUNCTIONS 

 

Theorem 8. Let 𝑓 be an exponential type 

multiplicatively (𝑠, 𝑃)-function on [𝜘, 𝑦]. Then 

𝑓 (
𝜘 + 𝑦

2
) ≤ (∫  

𝑦

𝜘

 𝑓(𝛼)𝑑𝛼)

2(𝑒𝑠−2)
𝑦−𝜘

 

≤ [𝑓(𝜘)𝑓(𝑦)]
4(𝑒𝑠−2)(𝑒𝑠−𝑠−1)

𝑠                            (1) 

The above inequality is called Hermite-Hadamard 

integral inequality for exponential type 

multiplicatively (𝑠, 𝑃)-functions. 

Proof. Note that 

ln 𝑓 (
𝜘 + 𝑦

2
) 

= ln (𝑓 (
𝜔𝜘 + (1 − 𝜔)𝑦 + 𝜔𝑦 + (1 − 𝜔)𝜘

2
)) 

= ln (𝑓 (
𝜔𝜘 + (1 − 𝜔)𝑦

2
+
𝜔𝑦 + (1 − 𝜔)𝜘

2
)) 

≤ ln [(𝑓 (
𝜔𝜘 + (1 − 𝜔)𝑦

2
))(𝑓 (

𝜔𝑦 + (1 − 𝜔)𝜘

2
))

𝑒𝑠−2

] 

= (𝑒𝑠 − 2)ln 𝑓 (
𝜔𝜘+(1−𝜔)𝑦

2
) + (𝑒𝑠 − 2)ln 𝑓 (

𝜔𝑦+(1−𝜔)𝜘

2
). 

Integrating the above inequality with respect to 𝜔 

on [0,1], we have 

ln 𝑓 (
𝜘 + 𝑦

2
) 

≤ (𝑒𝑠 − 2)∫  
1

0

 ln 𝑓 (
𝜔𝜘 + (1 − 𝜔)𝑦

2
) 𝑑𝜔 

+(𝑒𝑠 − 2)∫  
1

0

 ln 𝑓 (
𝜔𝑦 + (1 − 𝜔)𝜘

2
) 𝑑𝜔 

= (𝑒𝑠 − 2) [
1

𝑦 − 𝜘
∫  

𝑦

𝜘

 ln 𝑓(𝛼)𝑑𝛼 +
1

𝜘 − 𝑦
∫  

𝜘

𝑦

 ln 𝑓(𝛼)𝑑𝛼] 

=
2(𝑒𝑠 − 2)

𝑦 − 𝜘
∫  

𝑦

𝜘

 ln 𝑓(𝛼)𝑑𝛼 

Thus, we have 

𝑓 (
𝜘 + 𝑦

2
) ≤ 𝑒

(
2(𝑒𝑠−2)
𝑦−𝜘 ∫  

𝑦

𝜘
 ln 𝑓(𝛼)𝑑𝛼)

 

= (∫  
𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼)

2(𝑒𝑠−2)
𝑦−𝜘

. 

Hence, 

𝑓 (
𝜘 + 𝑦

2
) ≤ (∫  

𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼)

2(𝑒𝑠−2)
𝑦−𝜘

 

To prove the right hand side of the inequality (1), 

we have 

(∫  
𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼)

1
𝑦−𝜘

 

= (𝑒(∫
 

𝑦

𝜘
  ln 𝑓(𝛼)𝑑𝛼)))

1
𝑦−𝜘

 

= 𝑒
1

𝑦−𝜘(∫
 

𝑦

𝜘
 ln 𝑓(𝛼)𝑑𝛼)

 

= 𝑒
(∫  

1

0
 ln 𝑓(𝜔𝜘+(1−𝜔)𝑦)𝑑𝜔)

 

≤ 𝑒∫  
1

0
 ln(𝑓(𝜘)𝑓(𝑦))𝑒

𝑠𝜔+𝑒𝑠(1−𝜔)−2
𝑑𝜔 

= 𝑒∫  
1

0
 [(𝑒𝑠𝜔+𝑒𝑠(1−𝜔)−2)ln[𝑓(𝜘)𝑓(𝑦)]]𝑑𝜔 

= 𝑒ln[𝑓(𝜘)𝑓(𝑦)]
2(𝑒𝑠−𝑠−1)

𝑠  

= [𝑓(𝜘)𝑓(𝑦)]
2(𝑒𝑠−𝑠−1)

𝑠 . 

Hence, 

(∫  
𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼)

1
𝑦−𝜘

≤ [𝑓(𝜘)𝑓(𝑦)]
2(𝑒𝑠−𝑠−1)

𝑠 . 

So, the proof is completed. 

Remark 2. For 𝑠 = 1, the inequality (1) reduces to 

the following inequality for exponential type 

multiplicatively 𝑃-functions. 
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𝑓 (
𝜘 + 𝑦

2
) ≤ (∫  

𝑦

𝜘

 𝑓(𝛼)𝑑𝛼)

2(e−2)
𝑦−𝜘

 

≤ [𝑓(𝜘)𝑓(𝑦)]4(e−2)
2
. 

Corollary 1. Let 𝑓 and 𝑔 be two exponential type 

multiplicatively (𝑠, 𝑃)-functions on [𝜘, 𝑦]. Then 

𝑓 (
𝜘 + 𝑦

2
)𝑔 (

𝜘 + 𝑦

2
) 

≤ (∫  
𝑦

𝜘

  (𝑓(𝛼))𝑑𝛼∫  
𝑦

𝜘

  (𝑔(𝛼))𝑑𝛼)

2(e−2)
𝑦−𝜘

 

≤ [𝑓(𝜘)𝑓(𝑦)𝑔(𝜘)𝑔(𝑦)]
4(e−2)(𝑒𝑠−𝑠−1)

𝑠 . 

Corollary 2. Let 𝑓 and 𝑔 be two exponential type 

multiplicatively (𝑠, 𝑃)- functions on [𝜘, 𝑦]. Then 

𝑓 (
𝜘 + 𝑦
2 )

𝑔 (
𝜘 + 𝑦
2 )

≤ (
∫  
𝑦

𝜘
  (𝑓(𝛼))𝑑𝛼

∫  
𝑦

𝜘
  (𝑔(𝛼))𝑑𝛼

)

2(e−2)
𝑦−𝜘

 

≤ (
𝑓(𝜘)𝑓(𝑦)

𝑔(𝜘)𝑔(𝑦)
)

4(e−2)(𝑒𝑠−𝑠−1)
𝑠

. 

V. CONCLUSION 

In this paper, we investigated exponential type 

multiplicatively multiplicative (𝑠, 𝑃)-functions. We 

obtained a new version of the Hermite–Hadamard 

type integral inequality in the setting of 

multiplicative calculus for the newly classes of 

functions. We also derived integral inequalities of 

Hermite–Hadamard type for the multiplication and 

division of exponential type multiplicatively 

multiplicative (𝑠, 𝑃)-functions in multiplicative 

calculus. In recent years, Hermite–Hadamard 

inequalities have grown into a significant tool for 

mathematical analysis, probability theory, 

optimization, and other fields of mathematics. 

Many studies have been dedicated to bringing a 

new dimension to the theory of inequalities. We 

believe that this class of functions will be deeply 

researched in this attractive and absorbing field of 

inequalities and also in different areas of pure and 

applied sciences. We also believe that our 

techniques and ideas will stimulate further research 

in this field. 
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